Abstract
Introduction
An extensive review of transverse vibrations of plates of uniform thickness has been given by Leissa [1] in his monograph followed by a series of review articles [2] [3] [4] [5] [6] [7] . Due to the desirability of light weight, high strength and stiffness of structural components in various engineering applications such as aeronautical, naval, mechanical, space vehicles and printed circuit boards led to the study of vibrations of orthotropic plates. The increasing use of fiber reinforced materials and plates fabricated out of modern composites such as boron-epoxy, glass-epoxy and Kevlar in various modern structures demand that the effect of nonhomogeneity together with anisotropy of the material should be taken into account to predict their vibration behavior with a fair amount of accuracy reported in the references [8] [9] [10] [11] [12] [13] [14] [15] [16] . The consideration of thickness variation provides the added advantage of reduction in weight, size and stiffness enhancing and meeting the architectural requirements.
Furthermore, the problem of plate resting on an elastic foundation has achieved great importance in modern technological and foundation engineering such as reinforced concrete pavements of high runways, foundation of deep wells, machine basis, building footing. In order to avoid the mathematical complexities and to investigate the interaction between plates and foundations, many idealized elastic foundations have been proposed by Selvadurai [17] , Kerr [18] and Hetenyi [19] . Most of the studies on the vibration behavior of beams and rectangular plates resting on elastic foundation are devoted to Winkler foundation and reported in the references [20] [21] [22] . Winkler foundation is the simplest model in which the foundation is assumed to be replaced by a series of unconnected closely spaced vertical ___________________________________________________________________________ 33 elastic springs. In view of the important deficiency of discontinuity of displacement in Winkler model, various other models have been proposed in literature by different researchers. Kerr [23] has given an excellent discussion about various foundation models. Out of these, Pasternak model provides a better approximation to foundation reaction as it takes into account not only its transverse reaction but also a shear interaction between the spring elements. A survey of literature shows that most of the earlier studies on Pasternak foundation are devoted to homogeneous rectangular plates of uniform/ non-uniform thickness [24] [25] [26] [27] [28] [29] [30] [31] [32] . Out of these, Omurtag and Kadioglu [30] have presented finite element method solution on free vibration analysis of orthotropic Kirchhoff rectangular plates resting on Pasternak foundation. Malekzadeh and Karami [31] discussed the free vibration analysis of isotropic non-uniform thick plates by DQM. Leung and Zhu [32] analyzed the transverse vibration of midlin plates of various geometric on two parameter foundation using finite element method with trapezoidal elements. Recently, Lal and Dhanpati [33] analysed the effects of Pasternak foundation on the vibration of non-homogeneous orthotropic rectangular plates using Chebyshev collocation method.
In this paper, a study dealing with transverse vibrations of non-homogeneous orthotropic rectangular plates of linearly varying thickness along with one direction and resting on a Pasternak type elastic foundation has been presented by employing classical plate theory. For non-homogeneity of the plate material, it is assumed that Young's moduli and density vary exponentially along with one direction. The governing differential equation for such plates with two opposite edges simply supported while other two may be simply supported or clamped reduces to fourth order differential equation with variable coefficients whose analytical solution is not feasible. Differential quadrature method has been employed to obtain the natural frequencies for different combinations of clamped and simply supported boundary conditions at the other two edges. The effects of various plate parameters have been studied on the natural frequencies for the first three modes of vibration. A Huber type orthotropic material 'ORTHO1' Biancolini et al. [34] has been taken as an example of rectangular orthotropic material.
Mathematical Formulation
Referred to Cartesian co-ordinate system (x, y, z), the configuration of rectangular orthotropic plate of side dimension a×b, thickness h(x, y), density ρ (x, y) and resting on two parameter elastic foundation with foundation moduli k f and G f . The middle surface being z = 0 and the origin is at one of the corners of the plate. The x and y axes are taken alongwith the principal directions of orthotropy and the axis of z is perpendicular to the x y plane as shown in the Figure ( Let us assume that the thickness of the plate varies in the x-direction only i.e. ) (x h h = and the two opposite edges 0 = y and b y = are simply supported. For a harmonic solution, the deflection w (Lévy approach) is assumed to be:
Here, p is a positive integer and ω is the frequency in radians/sec.
Substituting equation (2) 
For thickness variation of the plate and non-homogeneity in material it is assumed that h, E x , E y and density ρ all are functions of space variable x only and following Lekhnitskii [35] and Panc [36] and the shear modulus is )
By introducing the non-dimensional variables
and by considering above assumptions, equation (3) reduces to
and primes denote differentiation with respect to X.
Assuming linear variation in thickness, [10] i.e.
h (1+ α X) and following references, [13, 14] for non-homogeneity of the plate material in X direction as follows: 
Here, 
Equation (6) in conjunction with boundary conditions at the edges 0 = X and 1 = X gives rise to a two-point boundary value problem with variable coefficients whose closed form solution is not possible. An approximate solution is obtained by employing Differential Quadrature Method (DQM).
Method of Solution: Differential Quadrature Method
Let X 1, X 2 , … ., X m be the m grid points in the applicability range [0, 1] of the plate. According to the DQM, the n th order derivative of W(X) with respect to X can be expressed discretely at the point X i as:
Here ) (n ij c are the weighting coefficients associated with the nth order derivative of W(X) with respect to X at discrete point X i .
Following Shu [37] , the weighting coefficients in equation (7) are given by are given by 
Discretizing equation (6) at grid points X i where i = 3, 4, … . , m-2. , it reduces to,
Substituting the values of W and its derivatives at the i th grid point in the equation (12) using relations (7) to (8), equation (12) becomes:
Equation (13) is a set of (m-4) equations in terms of unknowns
which can be written in the matrix form as:
Here B and W* are matrices of order (m-4) x m and (m x 1) respectively. Here, the (m-2) internal grid points chosen for collocation, are the zeros of shifted Chebyshev polynomial of order (m-2) with orthogonality range [0, 1] given by:
Boundary Conditions and Frequency Equations
The two different combinations of boundary conditions namely, C-C and C-S have been considered here, where C and S stand for clamped and simply supported boundary respectively. First symbol denotes the condition at the edge X = 0 and second symbol at the edge X = 1. By satisfying the relations,
For clamped and simply supported conditions respectively, a set of four homogeneous equations in terms of unknown W j are obtained. These equations together with field equation (14) give a complete set of m homogeneous equations in m unknowns. For C-C plate this set of equations can be written as:
Here B
CC is a matrix of order 4×m.
For a non-trivial solution of equation (16), the frequency determinant must vanish and hence,
Similarly for C-S plate, the frequency determinants can be written as,
Numerical Results and Discussion
The frequency equations (17 & 18) The numerical results for specified plate parameters are given in Figures (3 -9) . It is found that the value of frequency parameter Ω for a C-C plate is higher than that for a C-S plate. Frequency parameter Ω increases with the increasing values of non-homogeneity parameterµ, taper parameterα, aspect ratio a/b, Winkler foundation parameter K, Pasternak foundation parameter G and decreases with the increasing values of density parameterβ. Figures 3(a-c) show the behavior of frequency parameter Ω versus non-homogeneity parameter µ for density parameter β = -0.5, aspect ratio a/b = 1, two different values of taper parameter α = -0.5, 0.5, Winkler foundation parameter K = 0.0, 0.02 and Pasternak foundation parameter G = 0.0, 0.002, for C-C and C-S plates vibrating in first, second and third mode respectively. It is observed that the frequency parameter Ω is found to increase linearly with the increasing values of non-homogeneity parameter µ keeping all other parameters fixed. The rate of increase of Ω with µ is higher for a C-C plate than that for a C-S plate. This rate increases with the increase in the value of taper parameter α but decreases with increasing values of both the foundation parameters K and G. In case of second and third modes of vibration the behavior of frequency parameter Ω is same as in case of first mode except that the rate of increase of Ω with µ increases with the number of modes. The rate of decrease of frequency parameter Ω with β increases with the increase in the values of taper parameter α, foundation parameters K and G. This rate of decrease is smaller for a C-S plate as compared to a C-C plate. Figures 5(b) and (c) show the similar behavior for the second and third modes of vibration for both the plates. However, the rate of decrease in frequency parameter Ω increases with the increase in the number of modes. The rate of increase of frequency parameter Ω with G is higher for a C-C plate than that for a C-S plate. Also, the rate of increase in Ω with Pasternak parameter G increases with the increase in number of modes. In the absence of foundation (K = G = 0), a comparison of results for homogeneous (µ = β = 0), isotropic (E 2 /E 1 =1) plates with other methods has been presented in Tables 1 and 2 for υ = 0.3. Table 1 shows a comparison of results for plates of uniform (α = 0.0) thickness with exact solutions [1] and with those obtained by differential quadrature method [10] , quintic splines [14] and Frobènius method [38] for two values of aspect ratio a/b = 0.5 and 1.0. As a special case for p = 2 the results have been computed and compared with those obtained by quintic splines [14] and Frobènius method [38] for a/b = 0.5, 1 and given in Table 2 . The comparison shows a very good agreement of the results. 
Conclusion
The effects of non-homogeneity which is presumed to arise due to variation in Young's moduli and density on natural frequencies of rectangular orthotropic plates of linearly varying thickness resting on two-point parameter foundation (Pasternak foundation) have been studied on the basis of classical plate theory. It is observed that frequency parameter Ω increases with the increase in non-homogeneity parameter µ and aspect ratio a/b keeping other plate parameters fixed. Further Ω is found to decrease with the increasing value of density parameter β keeping all other plate parameters fixed for all the three boundary conditions. However, its behaviour with taper parameter α is not monotonous. The frequency parameter Ω is found to increase with the increase in foundation parameters (K and G) for all the boundary conditions in all the modes considered here. The results will help to design engineers to have desired natural frequency by proper choice of plate parameters.
